The Rare Decays π 
Introduction
In this letter we use chiral perturbation theory to calculate the electromagnetic decays of the π 0 and η to ℓ + ℓ − . These decays proceed through two photon intermediate states containing the anomalous π 0 γγ (ηγγ) coupling as well as from a local π 0 ℓ + ℓ − (ηℓ
operator which is required as a counterterm to render the one-loop diagram finite. We determine the coefficient of the counterterm by fitting to a recent measurement of Br(η → µ + µ − ) [1] , which then allows us to predict the rates for η → e + e − and π 0 → e + e − .
Our work differs from previous calculations in which a hadronic form factor is associated with the π 0 γγ and ηγγ vertices [2] - [8] . This makes the one loop integral finite but introduces model dependence into the dispersive piece of amplitude. The absorptive piece of the amplitude is related to the π 0 (η) → γγ width by unitarity and is therefore unambiguous.
A precise theoretical prediction for these decays is interesting not only in itself, but also because the ηµµ and π 0 µµ couplings contribute to the "background" for parity violating
as has been emphasized recently in refs. [9] and [10] . These couplings also provide a "background" to the T odd observables in this decay which have been investigated in refs. [9] [11]. The µ + spin polarisation is a parity violating observable whose magnitude gets a contribution from short distance physics. In the standard model this is dominated by top quark loops and so provides a measurement of the real part of the CKM matrix element V td in the phase convention where V bc is real. The long-distance physics background from the ηµµ and π 0 µµ couplings has been studied in detail in [10] where it was found to be significant for small values of ReV td and small top quark masses.
Therefore, it is important to understand these electromagnetic rare decays of the π 0 and η in order to form a reliable estimate of the background to the determination of ReV td from µ + polarisation measurements.
The graphs in fig. 1 give the leading contribution to η → µ + µ − in chiral perturbation theory. The ηγγ and π 0 γγ vertices arise from the Wess-Zumino term [12] 
where f = 135 MeV. This leads to a decay width
The imaginary part of the one-loop graph is finite and related by unitarity to the width
; however, the real part diverges and requires a local counterterm
where ℓ = e or µ, Q is the electromagnetic charge matrix 
The coefficients χ 1 and χ 2 are renormalisation scheme dependent and subtraction scheme dependent; we use dimensional regularisation with M S (the gamma matrix algebra is performed in 4 dimensions) and choose the subtraction point to be Λ = 1 GeV. We find the width for η → µ + µ − to be
where
and [10] ReA(s) = α 4π 2 χ 1 (Λ) + χ 2 (Λ) + 11 − 6 log . This fixes the sum of the counterterms −40 < χ 1 (Λ) + χ 2 (Λ) < −13. Note that the rate is relatively insensitive to the precise value of the counterterms. This is because the one loop amplitude is infrared divergent as m ℓ → 0 and so dominates the contribution from the counterterm. Similarly, in phenomenological models it has been found that the predictions for the branching ratio are relatively insensitive to the exact form and scale of the hadronic form factors. (in the π 0 case (2.2) and (2.6) are multiplied by 3) we find
Br(η → e + e − ) = 5 ± 1 × 10
compared to the present experimental upper bounds [13] Br(π 0 → e + e − ) exp. < 1.3 × 10
For π 0 → e + e − , the present upper limit is within a factor of two of the theoretical prediction, and one may hope that in the near future this decay mode will be observed. A precise determination of the branching ratio would test the validity of chiral perturbation theory for these decays. In contrast, the experimental upper limit for η → e + e − is five orders of magnitude above the theoretical prediction. This upper limit was determined in a bubble chamber experiment performed in 1966 with ∼ 10 4 η's [14] ; hopefully this limit will be dramatically improved at SATURNE where 10 8 η's are produced per day.
Corrections to our predictions come from higher dimension operators in the chiral 
